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STABLE SELF-SIMILAR BLOW-UP DYNAMICS FOR SLIGHTLY 
L 2 -SUPERCRITICAL GENERALIZED KDV EQUATIONS 


YANG LAN 


Abstract. In this paper we consider the slightly L 2 -supercritical gKdV equa¬ 
tions dtu + (uxx + u\u\ p — 1 ) x = 0, with the nonlinearity 5 < p < 5 + £ and 
0 < £ < 1 . We will prove the existence and stability of a blow-up dynam¬ 
ics with self-similar blow-up rate in the energy space H 1 and give a specific 
description of the formation of the singularity near the blow-up time. 


(i.i) 


1. Introduction 

1.1. Setting of the problem. We consider the following gKdV equations: 

f d t u + {u xx + u|u| p_1 )x = 0, (t, x) £ [0, T) x R, 

(u(0, x) = uo(x) £ R 1 (K), 
with 1 < p < +oo. 

From the result of C. E. Kenig, G. Ponce and L. Vega [5] and N. Strunk j2Sj, (11.11) 
is locally well-posed in H 1 and thus for all uo £ H 1 , there exists a maximal lifetime 
0 < T < +oo and a unique solution u(t,x) £ C([0, T), 1J 1 (K)) to (11.11) . Besides, we 
have the blow-up criterion: either T = +oo or T < +oo and lim^r ||Ma.-(i)||L 2 = 

+0O. 

m admits 2 conservation laws, i.e. the mass and energy: 


= J 

E(u(t)) = \ J \u{t,x)\ 2 dx 


\u(t, x)\ 2 dx = M(u( 0)), 

1 


p + 1 


u(t, x)\ p+1 dx = E(u(0)). 


For all A > 0, u\(t,x) = X?- 1 u(A 3 t, Xx) is also a solution which leaves the 
Sobolev space H ac invariant with the index: 


1 2 

<7 r =-. 

2 p- 1 


( 1 . 2 ) 


We introduce the ground state Q p , which is the unique radial nonnegative func¬ 
tion with exponential decay at infinity to the following equation: 


q: - q p 


Qp\Qp 


ip-i — 


= 0. 


(1.3) 


Q p plays a distinguished role in the analysis. It provides a family of travelling wave 
solutions: 

u(t , x) = Q p (X(x — X 2 t — xq)), (A, a,’o) G M)j_ x R. 

For p < 5 or equivalently a c < o, cud is subcritical in L 2 . The mass and energy 
conservation laws imply that the solution is always global and bounded in H 1 . So 
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a necessary condition for the occurrence of blow-up is p > 5. For p = 5, the blow 
up dynamics have been studied in a series of papers of Y. Martel, F. Merle and P. 
Raphael in 

1.2. On the supercritical problem. Let us first consider the focusing L 2 super¬ 
critical NLS equations: 

[id t u + Azt + \u\ p ~ 1 u = 0, (t , x ) £ [0, T) x KL d , 

|zi(0,:r) = uq(x) £ ft 1 (R d ), 

with nonlinearity p > 1 + A. In [22], F. Merle, P. Raphael and J. Szeftel show 
that for d > 2, there are radial solutions which blow up on an asymptotic blow¬ 
up sphere instead of a blow-up point. And in [23], F. Merle, P. Raphael and J. 
Szeftel construct a stable self-similar blow-up dynamics for slightly L 2 -supercritical 
nonlinearity, with nonradial initial data in low dimension (i.e. d < 5). 

Now let us return to the gKdV equations. In this paper we consider the slightly 
supercritical case: 

5 < p < 5 + £, 0 < £ < 1. 

The explicit description of blow-up dynamics for supercritical gKdV equations is 
mostly open. But numerical simulation of D. B. Dix and W. R. McKinney [2] sug¬ 
gests that there are self-similar blow-up solutions to supercritical gKdV equation^. 
We can expect a similar result to the slightly supercritical Schrodinger equations, 
i.e. [23] . More precisely, we expect a blow-up solution of the following form: 

u{t,x) ~ A(f) ~ y/T-t. 

A(t)p-! A(f) 

But here the delicate issue is that the profile P seems not to be provided by the 
ground state Q p . If we explicitly let: 

u(t,x) = - -^-QbiTjrz), Ht) = \/3b(T — t), b> 0. 

Then u solves (ED if and only if Qb{y ) solves the following ODE0: 

bAQ b + (Q" - Q b + Q^Q^- 1 )' = 0. (1.4) 


The exact solutions of (11.41) have been exliabited by H. Koch [9], for the slightly 
supercritical nonlinearity 5<p<5 + £, 0<£<1. It is related to an eigenvalue 
problem, i.e. for all 5 < p < 5 + £, there exists an unique b = b(p) > 0, such that a 
unique smooth solution Q b to ED with zero energy is found. Moreover Q b belongs 
to H 1 D L p+1 , but always misses the invariant Sobolev space H ac (hence Q b ^ L 2 ) 
due to a slowly decaying tail at the infinity: 


Qb(y) 


1 



Despite the slowly decaying tail, we can choose a suitable cut-off of Q b as an 
approximation, such that it is bounded in L 2 with exponential decay on the right. 
We claim that the approximate self-similar profile generates a stable self-similar 
blow-up dynamics for the time dependent problems. 


We know from E3 that there are no self-similar blow-up solutions for the L 2 -critical gKdV 
equation. 

2 See the definition of “A” in Section 1.4. 








BLOW-UP FOR SUPERCRITICAL GKDV EQUATIONS 


3 


1.3. Statement of the result. 

Theorem 1.1 (Existence and stability of a self-similar blow-up dynamics). There 
exists a p* > 5 such that for all p £ (5 ,p*), there exist constants S(p) > 0 and 
h*(p) > 0 with 

lim S(p) =0 (1.5) 

p —>-5 

0 < c 0 (p - 5) < b*(p) < C 0 (p - 5) (1.6) 

and a nonempty open subset O p in H 1 such that the following holds. If Uq £ O p , 
then the corresponding solution to (O) blows up in finite time 0 < T < +oo , with 
the following dynamics : there exist geometrical parameters (A (t),x(t)) £ x R 
and an error term s(t) such that: 

u(t,x) = 1 _z_ [Q P +e(t)] f X (1-7) 

with 

\\ev(t)\\ L 2 < 5{p). (1.8) 

Moreover, we have: 

(1) The blow-up point converges at the blow-up time: 

x(t) —> x(T) as t —> T, (1-9) 

(2) The blow-up speed is self-similar: 

Vi e [0, T), (1 - 5(p))VW(p) < -^L < (1 + S(p))Vmp). (1-10) 

(3) The following convergence holds: 

Vq £ [2, -——), u(t) u* in L q as t —> T. (1.11) 

1 — 2cr c 

(4) The asymptotic profile u* displays the following singular behavior: 

(1 - 6(P)) / i / H 2 < (1 + S(p)) [ Qp. (1.12) 

J n J\x-x{T)\<R J 

for R small enough. In particular, we have for all q > 1 _ 2 2a ■' 

u* i L q . 

Remark 1.2. Here the meaning of q c = is given by the following Sobolev 

embedding: 

H ac c —>■ L qc . 

That is, the asymptotic profile u* is not in the critical space H ac , and the strong 
convergence (11.111) only exists in subcritical Lebesque spaces. 

Remark 1.3. It is easy to see from the L 2 conservation law that / l w *l 2 = / M 2 - 

Remark 1.4. Theorem ll.ll is the first construction of blow-up solutions to the super¬ 
critical gKdV equations with initial data in H l . This is a stable blow-up dynamics 
instead of a single blow-up solution. So it is not like the self-similar solution con¬ 
structed by H. Koch in [9], though the construction in this paper relies deeply on 
H. Koch’s work. 
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1.4. Notation. We first introduce the associated scaling generators: 


A/ = — 

1 f + yf■ 

(1.13) 

P 

— 1 

We denote the L 2 scalar product by: 



U,9)= j 

/ f(x)g(x)dx 

R 

(1.14) 

and observe the integration by parts: 



(A/, g ) = - 

■(/, Ag + 2cr c ff). 

(1.15) 


Then we let Q p be the ground state. For p = 5, we simply write Q p as Q. We 
introduce the linearized operators at Q p : 

Lf=-f" + f- P Q p p - 1 f • (1-16) 

A standard computation leads to: 

L(Q' p ) = 0, L(AQ P ) = -2 Q p . (1.17) 

Finally, we denote by S(p) a small positive constant such that: 

lim 6(p) = 0. (1-18) 

p—>• 5 

1.5. Strategy of the proof. We will give in this subsection a brief insight of the 
proof of Theorem ll.il We will first use the self-similar solution constructed by H. 
Koch in [9], to derive a finite dimensional dynamics, which fully describe the blow¬ 
up regime. Since we are considering the slightly supercritical case, it is helpful to 
view this equation as a perturbation of the critical equation in some sense. So we 
can use some critical techniques in our analysis, though they may have a totally 
different meaning in the supercritical case. 


1.5.1. Derivation of the law. We look for a solution to (O) of the form: 

U ^ X) = ( A(f) () ) ’ (L19) 

and introduce the rescaled time: 

ds 1 
dt A(f) 3 

Then u is a solution to m if and only if 14 solves the following equation: 


bs ^t ~ T AVb + (n " ~ + VblVblP ~ ly = (y ~ (L 


20 ) 


Similar to the Schrodinger case, the self-similar blow-up regime of m corresponds 
to the following finite dimensional dynamics: 

ds 1 X* A s 


_ -I ' _ 7 

dt ~ A 3 ’ X “ ’ T _ “ ’ 


b s = 0, 

which, after integrating, leads to finite time blow-up for b{ 0) > 0 with: 


( 1 . 21 ) 


A(f) = c(uq)\/T — t. 
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1.5.2. Decomposition of the flow and modulation equations (section 2 and section 
3). From the previous discussing we can see it is significant to find a solution Qb 
to (11.41) . which is done by H. Koch in [S|. For our analysis, it is better to work with 
the localized approximate self-similar profile^: 

Qb{y ) = v{b,p,y)xo(b c y)- 

Then we can introduce the geometrical decomposition of the flow: 

x) = Mt ji^ ( Qm + £ ^ V m 

where the 3 time dependent parameters are adjusted to ensure suitable orthogonal¬ 
ity condition^ for e. The modulation equations of the parameters are: 

y + b = 0(bf + ||e|| 

y - 1 = 0(bl + ( L22 ) 

b s + Cpbb c = 0(b(, + 11 S' 11 tt 1 1 oc ) - 

Our main task here is to control ||e||#i , which is done by a bootstrap argumenlQ. 
If such a control exists, we will see that (11.221) is just a small perturbation of the 
system (11.211) . and has almost the same behavioiQ. 

1.5.3. Monotonicity formula (section f and section 5). The key techniques in this 
paper and the monotonicity of energy and a dispersive control of ||c||#i . 

The monotonicity of the energy gives a much better control of the L 2 norm of s y 
on the half-line [nB,+ oo). Together with Gagliardo-Nirenberg inequality, we can 
control the localized L 2 norm of e on the right. 

Next, we build a nonlinear functional: 

Eyif + e 2 C — yj—j- (|e + Qb\ p+1 ~ Q P+1 ~ (p + l) £ Qb)' l l J > 

for well chosen functions (V , ) C)i which are exponentially decaying to the left and 
bounded on the right. A similar functional was introduced in m for the critical 
equations, but they have a totally different meaning. Here the key point in super¬ 
critical case is that we cannot control f y>0 e 2 - We must assume that £ is compactly 
supported on the right, i.e. supp ( C (—oo, 2 B 2 ], for some large constant B. Then 
for y > 0, only localized L 2 norm of e appears in J 7 , which can be controlled by 
using the monotonicity of energy introduced before. 

Moreover, from the choice of orthogonality conditions, the leading order term of 
T is coercive: 

■F-INI 

The most significant technique here is the Lyapounov monotonicity: 

^See detailed discussing in Section 2.2. 

4 See fTm 

5 See Proposition 12.81 

^See detailed proof in Section 6.2. 
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This formula shows that ||e||#i (or equivalently E) is almost decreasing with re¬ 
spect to s € [0, Too). So it is controlled by a small constant (say, b 8+8v ) if we 
choose a good initial data. 

1.5.4. End of the proof of Theorem \l.ll We will see that the monotonicity formula 
(11.23|) and modulation equations have already led to the bootstrap bound on b and 
||e|| ff i . So we only need to prove the bound of ||e||iPo. This is done by working 
on the original variable with the help of a refined Strichartz estimated- Then we 
finish the bootstrap argument and the remaining part of Theorem 11.11 is followed 
by a standard procedure. 

Acknowledgement. I would like to thank my supervisors F. Merle & T. Duyck- 
aerts for having suggested this problem to me and giving a lot of guidance. 


2. Description of the blow-up set of initial data 

This section is devoted to give a specific description of the open subset O p of the 
initial data, which leads to the self-similar blow-up dynamics in Theorem 1.1. The 
most important part here is to construct a suitable approximate self-similar profile. 

2.1. Construction of the approximate self-similar profile. This part follows 
H. Koch’s work [9j. To avoid misunderstanding, we use a different notation. 

Let us consider a solution u(t , x ) of the form: 

u(t, x ) =--- 2 —V f ---- 

(3 (T-t))^^ V(3(T-f)) 3 

Then by a standard computation, u(t, x) is a solution if and only if V(x) satisfies: 

w + v'" + (y\v\ p - 1 y = o. (2.i) 

For any constant b > 0, we introduce a change of variable: 

x = bz (y + 6 _1 ), v(y) = V(b3 (y + b~ 1 )). 

Then (12.11) is equivalent to (11.41) . i.e. 

bAv + (v" — v + t)|u| p_1 ) / = 0. ( 2 . 2 ) 

The exact solution of (12.21) has been studied by H. Koch in |)9j. Actually H. Koch 
gives a even larger range of solutions. 

Proposition 2.1 (H. Koch [9]). There exist p* >5,6* > 0, such that there exist 
2 smooth maps: j(b,p) : [0,6*) x [5,p*) R, v(b,p,y) : [0,6*) x [5 ,p*) xRaI, 
such that the following holds: 

(1) The self-similar equation: 

6((1 + 7 ( 6 ,p))v + xv r ) + (v" — v + u|u| p_1 ) / = 0, (2-3) 

(v(b,p, =0, v(b,p,y)>0. (2.4) 


'’See Corollary 16.21 
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(2) For all p £ [5,p*) ; there exists a unique b = b{p) £ [0, b*) such that: 


7 (b(p),p) = -l-\ - b(5) = 0, 

P~ 1 


Moreover, 


db(p) 


dp 


WQWh 

llfillii 


>o, 


c>7 

db 


p —5 II L 

'pIIl 1 


b=b(p ) 


IQpII 2 

llQplli, 


1 /• 2 

2 J \ v y{Kv),p, y))\ 2 d y-j^i 


+ O(|p-5|)<0, 

/ |u(6(p),p, y)| p+1 dy = 0. 


(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 


(3) v(b,p,-) £ H 1 n P +1 , v(b,p , ■) £ L 2 if b > 0 and v(0,p,y) = Q p (y). 
Moreover, let 

w p (b,y) = v(b,p,y) - Q p (y), 
i/ien for all k,n £ N f/iere holds: 



e 3 s(1 + 6 2 / 3 1 — by ) 1 7 

ify> b _1 , 


6 exp(^[(l-6y) 3 / 2 -l]) 

ifb _1 > y > 0, 

(2.9) 

K l - & 2/) _1 ~ 7 

ify< o, 


6 -2 / 3 1 - by\)~ 1 ~ 1 ~ k 

ify > b- 1 , 


i 7 (6- 2 / 3 (l-6y))/Hi 7 (6- 2 / 3 ))| 

ifb~ x >y> 0, 

(2.10) 

1 - by^-^l +e y 

ify< 0, 



where 


Hi 7 (ai) = — 


r*+oo 


a^e-^ 2+ax do. 


Remark 2.2. (1) and (2) in Proposition 2.1 correspond to Theorem 3 in [9]. 
corresponds to Proposition 12 in [9). (12.101) corresponds to Proposition 15 in 

Remark 2.3. In [9], H. Koch gives the following asymptotic behavior of Hi 7 : 
Hi 7 (a;) = (-^=\x\~^ + * + 0(|a;|~3+i e i x3/ ; as x +oo. 


together with the fact that 3 a -Hi 7 = Hi 7+1 , we have for b~ 1 > y > 0: 

|^3 b "(Hi 7 (&- 2/3 (l - 62 /))/Hi 7 ( 6 - 2 / 3 ))| 

<k,n exp (^[(1 - by) 3/2 - 1]) < e"TO. 

Hence (12.101) reads: 

(1 + 5 _2 / 3 |l — by\)~ 1 ~ 1 ~ k if y > b~ l , 
\dyd£v\ < k , n { e~y/ w if b~ l > y > 0, 

\d k d'f(b(l-by)- 1 ~^) \ +e y i£y<0, 


( 2 . 11 ) 


^Let’s mention that there is a slight problem in the original statement of this estimate in [9] 
(i.e. Proposition 15 in El)- And lEHS is the correct version. 
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Now we fix some p £ (5 ,p*), and denote 
b c = b(p ) ~ p - 5, 


b = b-b c . 


( 2 . 12 ) 


From now on, we will focus on the case |6| <C b c . 

The exact self-similar solution v is not in L 2 , which is not good for our analysis. 
We need to construct a suitable approximation of v. Fortunately, we observe that 
though v has a slowly decaying tail at infinity, it is with a small coefficient: 


v{y) 


e -l/3bc 

1 

&c“ 7 


as y 
as y 


+oo, 
— 00 . 


So it is reasonable to consider a suitable cut-off of v. Choose a smooth cut-off 
function xo(y), such that Xo(y) = 0 if \y\ > 2, xo(y) = 1 if \y\ < 1. Then we define 
the approximate self-similar profile Qb(y) as: 


Qb(y) = v{b,p,y)x{y ), 


(2.13) 


where x{v) = Xo(b c y). We have the following properties of the approximate self¬ 
similar profile: 

Lemma 2.4 (Properties of the localized profile). Assume that b c is small and 
|6| <C b c , then there holds: 

(1) Estimates on Qb, for all k € N, q € [1, + 00 ] : 


\d k v Q b (y)\ < k e 1 °, fory> 0, 

\d k Qb{y)\ <k e y + b 1 c +k l [ _ 2b7 i M (y), for y < 0, 

II(Qb - Q p )v\\l 2 ^ b c . 


'y'°c,o\y,\ - ' “c jL [-2by 1 ,0] 

||Qb — Q p \\li < be 


Here 1/ is the characteristic function of any interval I. 

(2) Qb is an approximate solution to (11.41) : Let 

- $ b = bAQ b + (Q" - Q b + QbW- 1 )', 
then for k = 0,1: 

= Cpbb c dyQ b + 0(\b\ 2 d k Q b + ^l [ _ 2 ,_ 1] (6 ctf ) + e-^l [li2] (6 c y)), 

where G v = ^Q-\, , <0. 

P db I b=b c 

(3) Energy property of Qb : 


(2.14) 

(2.15) 

(2.16) 


(2.17) 

(2.18) 

(2.19) 


\E(Q b )\<b 3 c + \b\. 

(4) Properties of the first order term with respect to b: let P b {y) = then 

\ p b(y)\ ^ e"*i {y>0} (y) + l[_ 26 -i |0] (y). (2.20) 


Furthermore, we have: 


C Pb , Q P ) = 


16 


Q P +O(|p-5|)>0. 


( 2 . 21 ) 
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Proof. (1) is a direct consequence of the asymptotic behavior of v, i.e. (12.911 and 
(12. fill . For (2), a standard computation shows that: 


-®b = —C p b(b c + b)Q b - 6(7 + 1 -- - C p b)Q b + ( byv\' + vyf" 

p — 1 

+ 3v'x" + 3v"x ' - vx! +pv'v p ~ 1 (x P - X) + Px'x P ^ i v p ). 

Then (2) follows immediately from (12.911 . (12.1111 and the choice of y. 

For (3), we note that E(v(b c ,p, ■)) = 0, and again from (12.911 we obtain: 

\E(Q b )-E(v(b c ,p,-))\<\b\+b 3 c . 

Finally we prove (4). First, (12.2011 follows immediately from (12.1111 . For (12.2ip . 

dv I / 
db 16=0 ^ 

1 d 2 i 


we let P{y) = §?L_ n (j/)- From ( 12 . 111 ) and continuity. 


\P b (y)-P(y)\ = 


db 2 


(tb,p, y)x(v)dt - P{y){ 1 - x(y)) 


$ b c\y\i[- 2 b -\o](y) + h c\- ib -\i b -'](y) + i{\ y \>i/b B }(y), 

which yields: 

\(P b ,Q P )-(PQp)\<b c = 0(\p-5\). 

So we only need to show that: 

1 ' r N 2 


(p,Qp) = Yg( / Qp) +o(b-5|) > 0 . 


( 2 . 22 ) 


We consider the Taylor’s expansion of v with respect to b for b —> 0 + (here we 
ignore the assumption | 6 | <C b c ). And then keep track of the first order term of b 
in & Observe that 7 ( 0 , p) = — 1 + 0(\p — 5|), so we obtain: 

(LPy = AQ P + 0(\p - 5\)Q P . 


Taking scalar product with A Q p yields 

A Q p ) + 0(\p — 5|) = —(LP, AQ P ) = —(P, L(AQp)) = 2(P, Q p ). 

Since 

J JXQp = — ~ ^ ~ 2 ^ 0(\p — ^1)^ J 

then (12.2211 follows, which concludes the proof of the Lemma. □ 


2.2. Description of the blow-up set of initial data. 

Definition 2.5. Fix a small universal constant v > 0 (which will be chosen later). 
For p £ (5 ,p*(i/)) with p*{v) close enough to 5, we let O p be the set of initial data 
u 0 £ H 1 of the form: 

u 0 (x) = ~2 (.Qbp + £ o) 

\ P -1 

A o 

with parameter (Ao,a,’o, 60 ) £ x R x Ml, such that: 

(1) bo is near b c (= b(p) ~ a c ~ p — 5 > 0): 



160 - 6 C | < be ; 


( 2 . 23 ) 
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(2) Smallness of £o in H 1 : 

J 4 + My < b 3 c °; 

(3) Condition on the scaling parameter: 

0 < A 0 < 1. 


(2.24) 


(2.25) 


Remark 2.6. It is easy to verify that O p is nonempty. We may choose suitable 
bo, xo, Ao, and set £o = 0 . 

2.3. Setting the bootstrap. Let uq £ O p , and u(t) be the corresponding solution 
to (11.11) with maximal time interval [0, T), 0 < T < +oo. By using the regularity u £ 
C([0,T), H 1 ) and a standard modulation theorj0(up to some small perturbations), 
we can find a 0 < T* <T, such that for all t £ [0,T*), u(t,x) admits a unique 
decomposition: 

U (* ,;E ) = A(t) 5 ^r (M*) +M)( A (^ (2.26) 

with geometrical parameters (A (t),x(t),b(t)) £ R+ x R x R+, which are all C 1 
functions and the following orthogonality condition holds: 


(e(t), Q p ) = (e(t),AQ p ) = (e(t), yAQ p ) = 0. 
Moreover, we may assume that: 

m\ = m-b c \<bi 
J £ 2 ( 0 ) + £y( 0 ) < bf, 

0 < A(0) < 2. 

Now we state the bootstrap argument. Denote 

B = be ® 

and then choose a smooth function ip such that: 

{ e v for y < — 1 , 

1 + y for - k < y < k, 

3 for y > 1, 

p'(y) > 0 for all y £ R, 


(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 


(2.32) 


where 0 < n < 1 is a small universal constant to be chosen latei 0 - We let pb(v) = 
<p(jg), and define the localized Sobolev norm of e: 


■A f(t) = B (f 


(y)dy - 




(2.33) 


^See Lemma 1 in m and Lemma 2.5 in nzi- 
^See in Appendix A. 
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By continuity, we may assume that on [0, T*), the following a priori bound holds: 


\b{t)\ < b! + ", (2.34) 

A f(t) < b 3 + e \ (2.35) 

||e(t)||z,-o <#, (2.36) 

||e„||i= < &!- (2-37) 


Here we choose 



Remark 2.7. From bootstrap assumption (12,36f) . (12.371) and Gagliardo-Nirenberg 
inequality, we have for all qo > po, 

P0(S0+ 2 ) 2 (<20-P0) 149qp -62 

INIloo < < be 270,0 . 


In particular, for qo = P (note that p ii 
have: 



Moreover, for all t £ [0 ,T*): 

j <A f(t) + 


slightly larger than 5) and qo = +oo, we 


IHIl- < br, 

(2.38) 

~ KB/2 \\4l ~<bt°+m- 

(2.39) 


Our main claim is that the above regime is trapped: 


Proposition 2.8. There holds for all t £ [0,T*) ; 


\m\ < bl +2 \ (2.40) 

N{t) < b 3 c +8u , (2.41) 

HeWIIlpo <6 ?, (2.42) 

\\£y\\ L ><bl. (2.43) 


and hence we may take T* = T. 


The next 3 sections are devoted to derive the dynamical controls of the geomet¬ 
rical parameters and monotonicity tools, which are the heart of the proof of the 
bootstrap bound in Proposition l2.81 Then Theorem ll.ll is just a simple consequence 
of Proposition 12.81 which will be shown in Section 6. 


3. Modulation equations 


In the framework of the geometrical decomposition (12.261) . we introduce a new 
variable: 


1 


X 3 (t' 


■dt’, y = 


- x{t) 

m ' 


Now we use (s,y) instead of the original variables (f, x), and denote s* 
Then we can claim the following properties: 


(3.1) 

s(T*). 


Proposition 3.1. The map s £ [0, s*) —> (X(s),x(s),b(s)) is C 1 and the following 
holds: 
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(1) Equation of e: for all s £ [0, s*), 

( Le) y + bAe = 4~ Ae) 4“ ( Qb + s)% 


e* ~ 


+ — b s P b — ( R b (e)) y — (i2jvi(e))i 


where 


$ b = -bAQ b -(Q''-Q b + Q p b Y, 
R b (e)=p(Q p b - 1 -Q?- 1 )e, 

Rnl{s) = (e + Qb)\e + Q&| p_1 ~psQ^ 1 - Q p b - 
(2) Modulation equation: 


A s , , 

x +6c 


- 1 


< bi + JV 2 , 
<b ! + A^, 


A 

|6 S + Cpbb c | < , 

where c p is a positive constant with c p = 2 + 0(\p — 5|). 


(3-2) 

(3.3) 

(3.4) 
(3-5) 

(3.6) 

(3.7) 

(3.8) 


Proof. The proof of (13.21) follows from a direct computation and the equation of 
u(t). Now we prove (13.61) (13.81) . Let us differentiate the orthogonality condition 
(s,AQ p ) = ( e,yAQ p ) = 0 and use (|2.38D to obtain: 


< 


y + b)(AQ b ,AQ p ) 
y +b)(AQ bl yAQ p ) 


y-1) (Q^yAQp) 


y — 1 ) (Q&) AQ P ) 


< 


+ J (e 2 e + |e| p ) + b, 
A, 


9 Ivl 

e e 2 


+ 5 C |6| + | 6 S | 

| (e, L(AQ P )') + (e, L(yAQ p )') \ 


A 


+ 6 (AQ b ,2/AQ p ) 


A 


-1 (QUQp) 


+ be + 1 | + 


_ 2 „- 


i»i 


e e 2 


From (E3D, we have for all y £ K: 

IQh(y) - Q P (y )I ^ b c 


which implies: 

|(AQ b , AQ P ) — (AQ P , AQ P )| < \\Q b - Q p \\l~\\A* AQ P \\ L , = 0(b c ). 
hence (AQ b , AQ p ) = ||AQ p ||^ 2 + 0(b c ). Similarly, we have 
(QlyAQ P ) = \\AQ p \\ 2 L2+ 0(bc), (AQ b ,yAQ p ) = 0(b c ), (Q' b ,AQ p ) = 0(b c ). 
Combining these estimates with (12.391) we have: 


- y + b 

+ 

^-1 

A 


A 


<bj + \b s \ +m. 


(3.9) 
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Now we differentiate the orthogonality condition (e, Q p ) = 0. A similar compu¬ 
tation shows: 


\(P b ,Q P )bs-($ b ,Q P )\ 

< o(b c ) 

= 0(b c ) ( fef + N* + 




Xs_ _ i 

A 


12/1 


+ /(^e-V + | e |P) + U / £ 2 e-A 


2 — 1M\ 2 


(3.10) 




£s _ i 

A 


Observe from (|2.18ll and (12.2111 : 

(A Q b , Q P ) = 0(b c ), (Q' b , Q P ) = 0(b c ), 

(Pb, Q P ) = Y^WQpWh + °(\p - 5|) > o, 

($ b , Qp) = Cpb c b(Qb , Qp) + 0(\b\ 2 + e-*fc) = -CpIlQplli^cft + 0(b% 


with c p = 4 + 0(\p — 5|) > 0. First, from (13.101) we have: 


\b 8 \ <b*+0(b c )[M* + 


X s , 

T + 6 


_ 1 
A 


(3.11) 


Injecting (13.111) into (13.91) . we obtain (13.61) and (13.71) . Moreover (13.101) implies: 


| b s + c p b c b\ = 0(b c ) ( b 2 +Af 2 + 


+ b 


X 


- 1 


(3.12) 


where c p = 2 + 0(\p — 5|). Then (13.81) follows from (13.61) . (13.71) and (13.121) . which 
concludes the proof of the proposition. □ 


4. Monotonicity of the energy 

This section is devoted to derive a control of the L 2 norm of e y by the energy 
conservation law and monotonicity. We will first give a control of ||£ y llz. 2 on the 
whole line, which proves the bootstrap bound (12.431) . But furthermore, we will 
show that on the half line [kB,+oo), there is a much better bound for the L 2 
norm of e y , which comes from the monotonicity of the localized energjQ Then by 
Gagliardo-Nirenberg inequality we can get a good control for the localized L 2 norm 
of £. 

Lemma 4.1. For all s G [0, s*), the following estimates hold: 

Je 2 v { s )< bt \ (4.1) 

[ z 2 v (s)<bl. (4.2) 

J y~>nB 

Remark 4.2. (14.11) is the desired bootstrap bound (12.431) . 


11 See run . 
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Proof of Lemma f.l. The first estimate ED is a consequence of the energy con¬ 
servation law. We write down the energy equality explicitly: 

2A(s) 2 ^ 1_CTc ' ) £ i (mo) = 2 E(Q b ) + j e v (Q b - Q P ) y 

+ J £ v~ f £ (Qp)vv ~ — jry J ((Q& + e ) p+1 - Q b +1 )- 


From (12.351) and (13.61) . we know for all s £ [0, s*) 

- (1 + v)b c <-^-< -(1 - v)b c < 0. 
A 

Therefore A(s) is decreasing on [0, s*), then we have: 

f4< X(s) 2 ^~^\E(uo)\ + |6| + bl + ||(Q 6 - Q p ) 


(4.3) 

(4.4) 


y\\L 2 


M 


+ /e 2 e-V + / {\e\ p + Q p b )\e\ 


< bl +v + A( 0 ) 2 ( 1 - tT ‘= ) ]F;(Mo)| + f \s\ p+1 + [ Q 

J J y>K,B 

+ [ Q P b \e\+ [ Q p b \e\ 

< bl +v + A(0) 2(1 " ct '= ) |F;(uo)| +b 3 c + e- 


9 i v i 

e e !0 


' y>K,B 


l\y\<KB 


■ IPo 


’ y<—K,B 


Q 


PP 0 


p 0 


^bf^ + X(0) 2 ^-^\E(u o )\. 


Here we use the fact that \Q b (y)\ < b c , if y < —kB, and Q b decays exponentially 
on the right. 

So it remains to estimate A(0) 2 ^ 1_ ' Tc - 1 |i?(wo)|. We let s = 0 in (14.31) . from the 
assumption of the initial data, we have: 


A(0) 2 O-^)|£M| < |25(Q 6( o))| + lk(0)|| ff i < bl + |6(0)| < b, 


§+" 
c 5 


then ED follows. 

Now we prove ED- We use a bootstrap argument on [0,T*). We assume that 
for all t £ [0,T*), we have: 


/ y>KB 


slit) < be 2 . 


(4.5) 


Since this estimate is satisfied for t = 0, we only need to improve this estimate to: 

[ 4(t)<bf for Vt £ [0, T*). (4.6) 

J v>k,B 


/ y>K,B 

To do this we first choose a smooth function 6 such that: 


9{y) = e ^ for \y\ > 1, 6{y) > - for \y\ < 1. 


(4.7) 
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We then define 


o(y) = J^J %')*/, 


where K = 9{y')dy'. 

Let t € [0,T*) be any fixed time. For all r £ [0, £], we denote: 


x(t) = 


1 (x- x(t) \ 

>= 7s{-wr- KB )• y 


y- kB 

Vb ’ 


e (t) = J {^\u x (t)\ 2 - -^-|u(T)| p+1 )0(j(r))da 


Observe that O (y) < e < b 20 , if y < k.B/2, so we have: 

A (t) 2{1 - ac) E{t) 

= \j (( Qb)y + £y) 2 Q(y)dy J | Q b + e\ p+1 Q{y)dy 

> f e 2 y(t)- f ^ (|(O b)y | 2 + |Q & |P 


/ y>K,B 


f y> 


|e| p+1 - e” 


«.Vb 

— e 2 


(im^+i^r 1 


k\/~B 


ip+i 




(4.8) 


Next from (12.351) . (12.361) . (14.51) and localized Gagliardo-Nirenberg inequality, we 


know that (recall po = |): 


.ip+i < 


/ y>KB 


II L°°(y>KB) 


< 


• IPo 


• IPo 


P+3 

P0+ 2 


P0+ 2 


' y>K,B 


' y>K,B 


p+i-pp 

_ , P0+ 2 173p —156 55 

e 2 y \ <b r . 90 <b r v 


— U C , 


P 0 + 2 173 


<b 90 < be . 


On the other hand, by Sobolev embedding we can show: 


lkllL“>(|y|< K B) ^5 N 2 < be , 


hence 


.ip+i 


< e 


ip-i 






'\y\<K,B 


+ I < K. 


Injecting (14.91) and (14.121) into (14.81) yields: 

[ 4 < bf + A 

J y>K,B 


(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 
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Therefore, it remains to estimate E(t). We first use Kato’s Localization identity 
for energy to compute: 

d E(t) = - l f {Uxx + u\u\ p ~ l ) 2 g x - [ u xx g x 


dr 


+ p u\u\ p 2 u 2 x g x + - / u 2 x g x 


75 $) / (5 I "“ (T)|2 - W_l“(r)l' + >(i(r))rfx 

A,(r) / (5i“«Mi 2 -^ii u(T)r')0^p-)mT))dx 


Vb\(t) 

=1 +11 + III + IV, 


(4.14) 


where g(x,r) = @(i (+))• 

We claim that for some universal constant C > 0, there holds: 

d ~ ^ Cb 9 c 

dr T) - A( r )3+ 2 ( 1 -^) 

First I < 0, since g is nondecreasing in x. We then deal with III and IV. From 
flUHD and m we have: 

1 \ b ° 

Xt ~ A 2 ’ A ‘ ~ A 2 ' 

For III, we use (14.101) . (14.111) and the fact that \Q(y)\ < if y < nB/2 to 

estimate: 


III < - 


1 


< -- 


+ 


+ 


aVBX 3 (t) 
1 

4/BA 3 (t) 

1 


\u x (t)\ 2 9(x{t)) 


C 


VBX(t) 3 + 2 (i- ct o) 


\e{t) + Qb(r)\ P+1 0(y) 


< -- 


/BA(r) 3 + 2 d-^) 

1 

v / SA(t) 3+2 ( 1-<t <=) 

1 


u x (t)\ 2 9(x(t)) 

[ 0{y)dy + e~^ f 

J v>k,B / 2 J v 


.ip+i 


I 


y<K,B /2 


' y<K,B /2 


IQ&(t 


ip+i 


ly>nB/2 


\Qb(r) 


I P+1 




4 v / SA 3 (r) 

For IF, similarly there holds: 


Mt)| 2 0(x(t)) + A(r)3+2 ( 1 


-O-c) ' 


(4.15) 


JF < 


/BA 3 (t) 

b. 


Mt)| 2 


x — a:(r) 


v / SA(t) 3+2 ( 1 - <t ‘=) 


A(t) 

|yl4( r ) 6 '(y) + 


e(x(r)) 


Gbl 


A(r) 3+2 1 1_ 

Cb 9 


A( t )3+ 2 ( 1 -^c) ' 


We then divide the integral f \y\e 2 {T)6{y) into 2 parts: J| y _ KB | >B and fj y _ 
For the first part, we have \y0(y)\ < e on this region, hence: 


\ v -kB\<B- 


'\v-kB\>B 


\y\ £ y( T )0(.y) < e J 4(t) < Cb 9 c . 
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For another part, we have \yb c \ -C 1 on this region, hence: 

r \y\^l{r)0{y) < 1 f 1 


v^BA(r) 3 +2(i-^) J\y_ KB \<B v 100V a BA 3 (t) J 2 

Collecting the above estimates, we obtain: 

Cbl 




1 C Ch y 

ir£ i7aw/ KWf ' wl + w«' (iM) 


Finally, we estimate II: 
II < ° 


V / SA(r) 3+2 ( 1 ' 

C I 


— J l e ( T ) + Qb(r)\ P ^yir) + (Qb(T))v\ 2 0{y) 


Bi A 3 (t) 
= Ih+II 2 . 


\u x (t)\ 2 9" (x{t)) 


For the hrst term lit , we divide the integral into 2 parts f y<KjB / 2 an( l 


before, to obtain: 


Jy>K,B / 2 


as 



< 


c 


£ llL=o (y> ^) J y>B& ^V 


v / SA(r) 3+2 ( 1_<T =) 

Then from (14.101) . (14.111) and the fact that: 


e 2 y (r)+bl . 


f e 2 y (r) < [ 4(r) + [ s^t) < b] 

Jy>K,B /2 Jk,B>'u>kB/ 2 Jy>K,B 


f K,B>y>K,B / 2 


y>K,B 


we obtain: 


lli“(y>KB/2) 


’ y>K,B /2 


3(p — l) 

4 ( r ) ~ 2 X 6 C < & c, 


C 6 ? 


hence 

1 - A(t) 3 + 2 ( 1 ^' t '=) ' 

For the second term II 2l from the definition of 0, we have |0"| < 0, hence: 


1/2 < 


1 


100v a BA 3 (7 


MT)| 2 6((i(T)). 


(4.17) 


(4.18) 


Collecting (14.1511 . (14.161) . (14.171) and (14.181) . we obtain (14.141) . 
Observe that for /3 > 3 there holds: 


1 


A^(r) 


dr < —2 


At(r) 


-dr < 


o M 0 - 2 (t) - (p - 3)b c \v~Ht)- 


(4.19) 
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Integrating (14.1411 from 0 to t yields: 

X(t) 2(1 ~ rTc ' > E(t) < A(t) 2 ( 1 _<Tc ^(0) + 6 ® < A(0) 2 ( 1 " <t '= ) S(0) + 6 ® 

< J |£y(0) + (Qb(o))y\ 2 6(y) + bl 

~ J \(Qb(o))y\ 2 0(y)dy + IM0)|||2 + 6® 

< b 8 

U C1 


(4.20) 


where we use the assumption on the initial data, i.e. (12.291) . Then (14.61) follows 
from (14.131) and (14.201) . which completes the proof of Lemma 4.1. □ 


Remark 4.3. From (14.21) and Localized Gagliardo-Nirenberg inequality, we have the 
following L°° estimate of e: 





iMi „ 
<bc 630 <b 2 c , 


(4.21) 


which is important in the derivation of the second monotonicity formula in the next 
section. 


5. The second monotonicity formula 


This section is devoted to derive a second monotonicity tool for e, which is the 
key technique to our analysis. It is a Lyapunov functional based on a suitable 
localised Hamiltonian which is somehow similar to that of El- But here, due to 
the super-criticality, we cannot estimate the L 2 norm of e even on the half-line 
(l/&c, +oo). We need to cut it off while this will generate some new terms to be 
controlled. But these new terms will be controlled by using the monotonicity of the 
energy introduced in the previous section. 


Pointwise monotonicity. Recall from (2.32), the definition of y>. We let i/i, r\ be 
another 2 smooth functions such that: 


V’(y) = < 

\e y 

for y < — 1 , 

ip' > o, 

(5.1) 

l 1 

for y > — k, 


v (y) = | 


for y < 1 , , 


(5.2) 

0 

1 

< 0. 

1ST 

A 

o 



Here, we observe that = <p(— k) + k , and ip(y) = ^{y) f° r a H V < ~ 1) so we 

may assume in addition: 

< 4’{y) < (1 + 3 n)tp(y), for all y < -k. (5.3) 

Remark 5.1. It is easy to check that for every ^ > k > 0, such t/j and ip exist. 

Now, recall B = b c 20 ■ We let 

y y 

ks(y) = ilB{y) = (b(v) = tpBriB- 

and then define the following Lyapunov functional for e: 

2 


T = 


e 4 >b + e Cb - , 1 

p + 1 


(|e + Qb r +1 - Ql +1 - (P + 1 )eQ p b )4’B 


(5.4) 


Our main goal here is the following monotonicity formula of J -: 
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Proposition 5.2 (The second monotonicity formula). There exists a universal 
constant p > 0 such that for all s £ [0, s*) , the following holds: 

(1) Lyapunov control: 

—iF + pj (e 2 + £ 2 )t'b < ; (5.5) 

(2) Coercivity of T: 

M-b?<T<N + bh (5.6) 

Remark 5.3. The proof of Proposition 15.21 is almost parallel to that of Proposition 
3.1 in El- But since we have a control of the global L 2 norm of e (consequently 
the L°° norm of e) , some part of the proof will be easier. 

Proof of Provosition \5.2\ We will prove (15.511 and (15.61) in several steps: 

Step 1 Algebraic computation of T. A direct computation shows: 

=2 J ifB(e y ) s £y + £ s |eCb - ipB [(e + Qb)\e + Qh| p_1 - Q p b ]} 

- 2 J if B {Qb)s [(£ + Q b )|£ + Qbr 1 -Ql- peQ^- 1 ] 

= /l + /2 + /3, 

where 

h = 2 / ( £ s - y Ae ) { “ ( '^B£ y ) y + e( B - i>B [(e + Qb)\e + Qh| p_1 - Ql] }, 

fi = 2y J Ae{ - {ifB£ v )y + eC,B - V’s [(e + Qb )|£ + Qh| p_1 - Ql] }, 

h = -lj ^B{Qb)s[{e + Qb)\£ + Qb\ p - 1 -Ql-peQl- 1 ]. 

We claim that the following estimates hold for some universal constant po > 0: 


fi<—po J{£ y + £ 2 )t'b + Cbf , (5-7) 

fk< J (£y + £ 2 )t'b + Cbi , for k = 2,3. (5.8) 

It is obvious that (15.51) follows from (15.71) and (15.81) . 

In step 2 - step 5, we will prove (15.71) and (15.81) . Observe that the definition of 
tp, if and Cb imply: 

for Vy £ (—oo, k], \ip"'\ + \ip"\ + \tp\ + \if"'\ + \if'\ + \if \ (5.9) 

f 3 r)' B for V > b2 i 

C B = < 0 for B < y < B 2 , (5.10) 

[t'b for y < B. 


We will use these properties several times during the proof. 
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Step 2 Control of /i. We give the proof of (15.711 by using the equation (15.211 in the 
following form: 

e s —yA£ = ( — E yy + £ — (£ + Q b )\e + Qb\ p 1 + Q p ) y 

AQ b + (y- 1 

where 

<h b = -bAQ b - {Q" -Q b + QlY, P b = 

Injecting (15.111) into the definition of /j yields: 

fi = fi,i + fl,2 + /i,3 + /l,4 + /l,5 

with 

/l,l = 2 J ( — Eyy +£—(£ + Qb) \e + Qb\ p 1 + Q b ) y { — (,4>B £ y)y 
+ eCb — i>B [(£ + Qb)\ £ + Qb\ p 1 — Q P \ |) 

/i, 2 = 2^+bj J AQ b { - V >b |> + Qb)\e + QbK 1 ~ Q p b \ - (ip B £ y ) y + e( b}, 
/l,3 = 2 - l) J (Q b + e) v { - [(e + Q b ) |£ + Qb\ p ~ 1 - Ql} 

— (4’B £ y)y + eCsj, 

/l,4 = —26 s J B £ y)y + eCb “ V’B [( £ + Q&)l £ + ~ Qft] }, 

/l,5 = 2 J — ( 1^B £ y)y + ^Cb — IpB [(£ + Qb) \ £ + Qb| P 1 — Qft] | • 


)(Q6 + e)»-6.n + $6, (5-11) 



Term fi,v Let us integrate by parts to obtain a more manageable formulgfl: 

/l,l =2 J [ — £yy +£—(£+ Qb)|£ + Qb| P 1 + Qb\y( ~ ' l l J B £ y + £ (Cb — V’b)) 

+ 2 / [ — £ yy + £ — (s + Qb)|£ + Qb| p 1 + 


X [ — £j/j/+ £ — (£ + Q&)|£ + Qb| P 1 + QbjV’S- 

We compute these terms separately. First we integrate by parts to obtain: 


~yy 


' J [~ £ yy + £ \y [ — V’sSy + e (C B — 4>b)\ — —2^ J 4>' B £ l 

+ J ^(^Cb ~ 2 ^b _ 2^®) + J ^ V’b) — ^ (Cs — V’s) ,,/ ) | 


12 See a similar computation in the proof of Proposition 3.1 in El- 
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-2j[(Q b + s)\Q b + e\» 1 - Ql\ y (C B 
= -2 f (tB-^myKe + QJle + Qtf-'-Ql-peQl- 1 ] 

- /(Cb - V’b)' [IQb + £ l p+1 - Qr 1 - (p +1)^] 

+ 2 J (Cb — V’b) , [(£ + Qb)|£ + Qb| P 1 — Qb] e - 

Next by direct expansion: 

J [( £ + Qb)\e + Qb\ p 1 — Qb] y ' l l J B £ y = 

pj V’B £ 2/{( ( 2b)y [IQb + £ \ p 1 — Qb ]+|Qb + £| P 1 £j/|- 

Finally, 

2 j [ — £yy + £ — (£ + Qb)\ £ + Qb\ P 1 +Qb] y 

x [ — £yy + £ — (e + Qb)|£ + Qb\ P 1 + Q{(] V’B 

= — J V’b [ ~~ £ yy +£—(£ + Qb)\ £ + Qb\ P 1 + Qb] 

= —y 1p' B {[ — £ yy + £ ^ { £ + Qb)\s + Qb\ p 1 + Q P ] — \—£yy + £] 2 j 

~ / V'b [ —£ yy + £] 2 

= — J V’b| [ — £ yy + £ ~ ( £ + Qb)l e + Qb| p 1 + Q&] ~~[~ £ yy+ £ ] 2 } 

— J tpB^yy + 2£y) + J £ ' 2 (V'b V'B ) ■ 

We collect all the above computations and obtain the following: 

/i,i = — J [3V , B £;2 y + (3 Cb + V’b ~ V’b ) £ y + (Cb — Cb ) £2 ] 

~2 J J- ^ ^— - £ Qb — £ (( £ + Qfc)| £ + Qb| p 1 — Q p ) (Cb ~ V’b) 

+ 2 J [(£ + Qb)|£ + Obr- 1 - Q p b - psor 1 ] (Qb)y(i>B ~ Cb) 

+ 2p J 'Ip'gSy^ (Qb)y[\Qb + £| P 1 — Q P } + |Qb + s\ P ^£y} 

— J V’b! [ £ i/x/ + £ — (( £ + Qb)\£ + Qb\ p 1 — Qb)] [— £ i/x/ + £ ]~ 

=(/l,l) < + (/l,l)~ + (/l,l) > , 

where (/i,i) < ’~’ > correspond to the integration on y < —kB, \y\ < kB and y > kB , 
respectively. 
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In the region y > kB , we have ijj' B = ip B = 0. From (14. 21) . (14.911 and (14.211) . we 
have: 


< 


[ [S'tpBEyy + (^Cb + V’b V'B ) £ y + (Cb ~ Cb ) ff2 ] 

J y>K,B 

g2 < K + S||e||ioo(j />KB ) 


/ £ v + r 

’y>nB n J nB<y<2B 2 


<Bb 4 c + b* c <bZ. 
Together with 

\e + Q b \ p+1 - Q p+1 


/ y>K,B . 


p+ l 


— eQb — e((e + Qb)|£ + Q&| p 1 — 

Pp(P+ 3 ) 2(p+l — pp) 


(Cb ~ V'b) 


/* pp(p+ 3 ; 2Cp+i-pq; 

< / |£| p+1 + I Qbl^e 2 < \\e\\ L % + * IMI^b) + INI 

Jy>K,B 


<bl 

and 


/ [(e + Q b )\e + Qtr 1 -Ql- peQr 1 } (Q b ) v ^ B - Cb) 

J y>K,B 

( £ 2 e -M + | £ | P A 


. _ kB 

< e 20 


y>K,B 


we obtain: 

(/!,!)> < 6#- (5.12) 

In the region |y| < kB, (b{u) = Pb{u) = 1 + y/B and ^ B (y) = 1. In particular, 
Cb = V’s = 0- We obtain: 

k + Qbl^-Or 1 


(/l,l)~ — — f |3£y + £ 2 + 2 

5 -/|y|< K B l 


p +1 

-£QS-£((£ + Q 6 )|£ + Q 6 r 1 -QS) 

+ 2 [(£ + Q&)|£ + Qb| p_1 - Qf - P£<3 p_1 ] 2 /(Q&)i 

4 [ {34 + £ 2 -pQ p_1 £ 2 +p(p-l)?/QpQ p " 2 £ 2 } + B(£), 


where 


tfoo = -4 / {-pwt 1 - sr 1 )® 2 +p(p- ^((^Qr 2 - s^rv 

P* d|y|<KB l 


|y|<«B 

£+o b r i -or 1 


+ 2 
- 2 £ 
+ 2 


_ e nP - Hn p ~ e 

p+1 ^ 2^ 

(4 + Qb)\z + Qb\ p 1 — Qb ~P £ Qb ) 


(£ + Qb)|£ + Q b | p 1 -Q%-peQ% 1 - 


p-1 p(p - 1) ^2^-2' 


-£^Q P 


U(Qb)y f- 
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We claim the following localized Virial estimate to obtain a coercivity result: 

Lemma 5.4 (Localized Virial estimatcF^) ■ There exists Bq > 100 and pi > 0 such 
that if B > Bq, then: 

[ ( 3 e 2 y +e 2 - pQF~ x e 2 + p{p - 1 )yQ' p Q p ~ 2 £ 2 ) 

J\v\<kB 

>M1 / (4+e 2 )--^ [ £ 2 e-^. 

Since Jj , >kB e 2 e< 6j°, we have for some p 2 > 0: 

[ ( 3 e 2 + e 2 -pQ p ~ l £ 2 +p(p- l)yQ! p Q p ~ 2 e 2 ) > f (e 2 + e 2 ) - b x c °. 

J\y\<nB J\y\<KB 

Using a similar strategy we have: 

l-R( e )i ~ ~5 (be [ e 2 + [ 

B V J\y\< K B J\y\ 

~ ll £ ll io °) f ( £ l+ £2 )] 

B \ J\v\<kB J 

~ Tiw) / ( e y £2 )t'b- 
1000 J\ v \^ Ki b 


kl 3 + kl p+1 


'\y \<*b 

Collecting the above estimates, we obtain for some 113 > 0: 

(/r,i)~ < -A*3 /" (£ 2 y +£ 2 W' B +Cbl. 


(5.13) 


For the region y < —kB, we have Cb(v) = <^b(j/) and V>b ~ V’b- Hence, we 
immediately have: 


/ y<—K,B 

/ 4i«i < + [ 

Jy< — KB ■ D J y< 


£2 \Cb\ < 


R 2 


y< — K,B 


£ 2< Pb < 


100 


y< — K,B 


eVb, 


4A < 


y<—K,B 


£ It'b- 


/ y< — nB 

From Lemma [2T4l we know that for y < — kR, |Qb(i/)| < b c and |Qj,(y)| < b 2 . Recall 
,1 

that we have ||e|k°° < b£ , then we can estimate: 


|e + Q6| p+1 -QS +1 


< 


< 


y<-nB . 

P + 1 

J ^y<—K,B 

Je| p+1 + \Qb\ p 

1 /' 

J2 / 

100 J y< _ 

£ Tb > 

-kB 


— eQ p — c((e + Qb)\ £ + Q&| p 1 — Q p b ) 


(Cb — 4’'b) 


' y<—K,B 


eVs 


■^See proof in |17l (Lemma 3.4 & Lemma A.2). 
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/ [(e + Q b )\e + Q b \ p ~ 1 -Ql- peQ f 1 ] {Q b ) y ty B - C b) 

Jy<—nB 


<B (e 2 + \e\ p )\{Q b ) y \p' B < Bb 2 c ( 1 + ||s||£- 2 ) / eV B 

J y< — K,B J y<—tiB 

1 f 2 , 

ioo7 y< _ KB ^ 


< 


Similarly, we have: 


[ ' t P B £ y{{Qb)y[\Q b + £ \ P 1 — Qb ] + IQb+£| P 1 £y} 

<7 y< — KB 

I (\e y s(Q b ) y Qr 2 \ + {eyiQ^yWer 1 + \e 2 y Q p - l \ + 

J y< — K,B v 7 

(^ 1 + IHIi~) / (4 + £ Vb 

J y<—K,B 


®/„<-J £ » +£Vis 


and 


IP I W 


[ V’bI [ ~ £ vv + £ — (( e + Qft)l e + Qb| P 1 — Qh)] ~ [ —£ yy + £ ] 2 } 

Jy<-nB V ’ 

< f (\e£ yy Ql x \ + \s yy Ql\ + \e 2 QI 1 \ + \eQl\ + \e\ 2p 

J y<.—ftB 

% (^ _1 + NIl») [ ( £ yy + ^'b + m l ( 

Jy< — K,B 1UU J y< — KB 

+ 100 / gf + ikii^ 

Jy<—K,B - & ^ 

00 J < B ( e yy^' B + + b * 


(£ w + £2 )^ 


■ 2N % 


IIl'oo / e t^B 

1 y < — kB 


j y<—KB 

Therefore we obtain: 


(/i,i) < < — M4 f { £ y + £2 )p'b + Cbl 

J y<—K,B 

for some /X 4 > 0. From (15.121) . (15.131) . (15.141) and the following estimate: 

f (e 2 + e 2 Vs <— f 

Jy>K,B D Jy^ 


(5.14) 


J y>K,B 


£y+ B 


nB<y<2B 2 


<K+m\ 2 L~ {y>K B)<bl, 

we obtain for some /zo > 0 , 

/i,i < — Mo J{ £ y + £ 2 )<Mb + ■ 


(5.15) 
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Term /i^: We first rewrite /i^: 

b^j j (A (Qb — Qp))| — (V’-BCy)y + cC B 


fl,2 = 2 


IpB [(£ + Qb )|e + Qb| P 1 — Q b \ | + fl,2, 


where 


/l,2 — 2 + bj J AQ p | — (lpB£y)y + ^C-B — IpB [(A + Qb)\z + Qb| P — Qf] ^ 

= 2 (y + h) J AQ P [ “ + (! - ^B)e V y\ 

+ 2^— J AQp|(l — iPb) [(e + Qb)\e + Qb\ p 1 — Q b ] j 


-2(^+6) / AQ P [(e + Q b )\e + Qb]?- 1 ~ Q p b - peQ?- 1 } + / lj2 , 


/ ll2 = 2(^+6) / AQp(^Cpp+ £ CB-pQr l£ ) 


A s 


A 

In conclusion, we have: 

'A* 

A 


As 


= 2[^+b) I AQ p (Le)-2\^+bj J e(l - Cb)A Qp. 

/!,2 = 2^ + 6^ j KQ p {Le)-2^-+b^j J e(l - Cb)AQ p 
+ 2^ — + 6^ J (A (Qfc — Qp)) j — (lpB£y)y + £(b 
- ipB [(e + Qb )|e + Qb| p_1 - Q b ] } 

+ 2^— + J AQp [ — (ipB)ySy + (1 — V’s) £ yy] 

+ 2 (y + fo) J AQp{ (1 - $ B ) [(£ + Q b )\e + Qb\ p ~ l - Q p b \ } 

-2 (j + b) J AQ p [(s + Q b )\e + Qb ^- 1 ~ Q p - peQP- 1 ]. 

We know from the orthogonality condition (12.271) that: 

J AQp(Le) = (e,LAQ p ) = -2(e, Qp) = 0. 

Again from the orthogonality condition ( e,yAQ p ) = 0, we can estimate: 

J AQp £ (l - Cb) = J AQ p e(l - Cb + §)) 

< e _ 5r||e||z,- < 6J. 

For the next term, we first integrate by parts to remove all the derivatives on e, 
then we divide the integral into 2 parts, J y<ftB and J y>KB ■ For the first part we 
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use Cauchy-Schwarz inequality, (12.911 and (12.1111 . While for the second part we use 
the fact that Qb decays exponentially on the right. So we have: 


y + bj j A (Q b - Q p ){ - [(e + Q b )\e + Q 6 | p_1 - Qb] ~ ^b £ v ) v + £ Cb} 

^y + bj J ^(AQb — A<2 P ){ — %1>b [(e + <3f>)|e + Qb\ p 1 — Q^] + eC,b] 

(A Qb — A Q p )'ipB 


<[bl+m\[b c f <M|e| + m+ / e-W(| e | + | e |P) 

/y<.ttB J y>K,B 


< [bi+N* ) [ b e ( / s^b 

J y<nB 



y<tiB 


1 >b) +e-^r||e|| L o 


<b c B? (et+e'W B +bSB (et + e 2 )tp' B +b 


<1^0 l^y + ^B+Cbl 


For the following 2 terms, we first integrate by parts again to remove the deriva¬ 
tives on e. Then we use the fact that ip B = 1 on [— nB, +oo) and 

\(AQ P )"(y)\ + \AQ p (y)\<e-^<p' B (y) 

for y < — kB , to obtain: 

J A Qp [ — {'4>B)y£y + (1 — ' t l > B) £ yy\ 



< 


I ( E 2 ., -2W 

1000 I y y 


( £ y + e ~) l P , B + Cbc 


y+&)/ AQ P {(1 -Mi^ + Qb^+Qbf^-Ql]} 


<(bI+N-*\ (\e\ + \e\r)e-^v' B 

\ J Jy<—K,B 

l 

< + A^ J eVs^ e~^ 

< 

- 1000 J 


( £ y + £ ‘ 2 ) 1 P'b + 


and 
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Finally, by the same strategy we have : 


y + bj J AQ P O + Q b )\s + Q b | p_1 - Q p b - peQ p ~ l ] 

AQ P [(e + Q b )\e + - Q p b - peQ f " 1 + pe{QV - Q r f 

£ " p'b + + e 20 11<sr11Z/° 


< ( 6c 2 + A/” 2 
Mo 


< 


1000 


y<K,B 
( £ y + £ 2 )‘P'b + Cfc? . 


The collection of the above estimates shows that: 

l/l,2| < J ( £ l + £ ‘ 2 ) l P , B + • 

Term f\ , 3 : We use the identity: 

J 1>.B{(Qb)y [(£ + Qb )|e + Qb\ p - X -Ql-P £ QT X } 
+ e y [(e + Qb)\ £ + Qb\ p 1 — Q p ] j - 

= yyy J i’Bdy [| Q b + £ \ p+1 - Q p b +1 - (p + 1 ) £ Q p ] 

= ^ [IQ& + £|P+1 “ QP+1 “ (p + 1)eQP] 
and a similar computation (as we do for term /i^) to rewrite 

fl, 3 = 2 


P + 1 


^y— J V’b [IQf> + e | p+1 — Qb +1 — {p + l) £ Qb] 

+ 2 ^y- 1 ^ J (Qb — Qp + £ )y ( ~ ’ l pB £ y ~ 4’B £ yy + £ (b) 

- 2p(^ - 1 ) J e^B [Q P b~\Q b )y - Q p -\Q P )y\ 

+ 2 ^y- 1 ^ J Q'p \Le — Ip' B £y + (1 — 'IpB ) £ yy ~ £ (1 — Cb)] • 

For the first term, we use the bootstrap assumption J\f < to estimate: 

y - 1) /V4 [IQb + £ l p+1 - Q P b +1 - (P + l)eQ?] 

< J *p' B {\e\ p+1 +e 2 Q p b ~ 1 ) 

J ( £ l + £ 2 )t'b- 


Mo 

1000 


(5.16) 


For the second term, we first integrate by parts to remove the derivatives of £, 
then we use Cauchy-Schwarz inequality, (12.911 and (12.111) to estimate j y<flB and use 
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(14.211) to estimate J y>KB as before: 

J (Qb ~ Qp)y ( — '4 , B £ V — ' t l , B £ yy + £ Cb) 

< (bi +AT^(b c BAT? +e _ ^||e|| L = 

, Mo 


1000 


( £ y + £ )t'b + , 


^ ^ J £ y{ '4 > B £ y ^B £ yy H~ £ Cb) 


< ( 6 C 5 +AT5 
Mo 


( £ y + £ )<Mb + 


B 2 


B 2 <y<2B 2 


< 


1000 


(e + £ )<Mb + Cbc ■ 


For the next term, we can estimate similarly by dividing the integral into 2 parts: 


A 

< ( bi + A/* 
Mo 


-1) J £ MQr\Q»)y - Qr\Q P )y\ 


< 


1000 


Z BM 2 + e 20 |klU“) 
( £ l + £2 ) { p'b + Cfc?. 


For the last term, we use the cancellation LQ ' p =0 and the orthogonality condition 
{£,yQp) = (e, A Q p - ^zyQp) = 0 to estimate: 

(y - i) J Qp[ L£ - ^B £ V + (1 - V^yy - e(l - Cb)] 

(y-i) J Q'p[L £ - ^B £ y + (! - ^b) £ vv - e(l + -| - Cb)] 


< ( bi Me-^m 

Mo 


e-^INM 


< 


10007 v ~ y 

In conclusion, we have: 


( £ y + £ ) ( Pb + C6c . 


|/l,3| < I ( e y + £2 ) ( Mb + 


(5.17) 


Term /i, 4 : Recall that 

/l,4 = —26 s J P 6 { - (i>B £ y)y + £ (b ~ V’B [(e + Q&)|e + Qb| P_1 ~ Qfe] }■ 
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We estimate after integration by parts to remove the derivatives of e and then 
divide the integral into 2 parts as before: 


J Pb{-{lf’B£y)y +£ 0 ?) 


((Pb)y£y^B + E-PbCs) 


/ (|eA|Cb + \£y{Pb)y\i>B) + / e 8 (|e| + |e'y|) 
ty<KB Jy>KB 


< 


< -BI / (e y + e )ip B J + e 2 

\Jy<K,B J 

< BAT ^ + bi. 

For the nonlinear term, the same strategy shows: 


< 


/ y>K,B 


+ ll e ll!° 



inhMorVi + m 


< BA/” 2 + be ■ 
Recall from (13.81) we have: 


\b s \<bl+b c M*. 


Then we obtain: 


l/l,4| < / ( e y + + Cbi 


( 5 . 18 ) 


Term / 15 : Recall from (12.181) we have for k = 0,1: 

\dy$b\ < b c \b\\dyQb\ + bll^-i^bcy) + l [h2 ]{b c y) 

So after integration by parts, we have: 

J ^b{-{^B £ y)y + £ Cb) = J{®b)y 1 pB£y + J $&£Cb 

<bj [ (Qb + \d y Q b \)(\£yipB\ + \£(B\) +b 2 c [ (Iej/V’bI + \ £ (b\) 

J Jy - b^ 1 

+ e -Tik / le^sl + |eCb| 

J y~b c 1 

< blBAfi + e “2^(|| e || L oo + ||eJ La ) 


< 


( £ l + £ 2 )<p'b + Cb£ 


1000 / ~ v 

Here we use the fact that |V , b(2/)|+|Cb(2 /)| < e” 2B6 <= < bl°, for all y £ [— 2b~ 1 , — bj 1 ]. 
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The nonlinear term can be similarly estimated as before: 


<bi 


$b[(£ + Q b )\e + Qhr 1 - Q p b ]^B 

[ (kQn*'l + N p )V>b + e _TI 


< 


\<f> b \<P B (\e\ p + \Q P b e|) 


>y — b c 


[ (\ £ Qb X | + l £ | P )V’i 

Jy~b c 


< 


+ be 
Ho 


sQ: 


p 1| + |e| p )i/’i 


1000 

Thus we have shown that: 


( £ l + e 2 )ip' B + Cbi 


l/i, 5 | < / ( £ y + £ 2 )v'b + 


(5.19) 


Step 3 Control of / 2 - Recall that: 

h = 2 y J Ae { - ($B £ y ) y + eCs - [(£ + Q&)|e + Qb | p_1 - Q p ] }■ 

We first claim the following identities: 


£ + Qb)\z + Qb| p 1 — 

p+ 3 


p + 1 J \p-l 


SyV'B + 2 J WpBCyi 

(5.20) 

\ fv&s 2 ’ 

(5.21) 

1 ~ Qb] 


[ Qb + e P+1 — Q p+1 — (p + i)£< 2 p ] 

(5.22) 


-J Vib A( 3t> [(£ + <2b)|£ + <3b| p 1 -Q p -peQ p 1 ]- 

We can see (15.201) and (15.211) are easily obtained by integrating by parts. While for 
(15.221) . we have the following computation: 

J A(e + Qb)' 0 s [(£ + Qb)|£ + Qb| p 1 ~ Qb\ 

= J ^iM\ £ + Q»\ p+ 1 -Ql + 1 - £ Ql) 

+ J y( £ + Qb)Vs [(£ + <5b)|e + Qb| p 1 ~ Q P ] 

J 4>b [|£ + Qb| p+1 — Q p+ — (p + 1)£<9 P ] + pj TpBeQb ( ^ Qb) + A, 

J y( £ + Qb)'^B [(£ + Qb)|£ + Qb| p 1 — Q p ] ■ 


p- 1 

with 


A = 


Then we use the following identity: 

[|£ + Qb| p+ 1 - 0 ? + 1 -(p+i)£Q?]' 


— (p +1)(£ + Qb) / [(s + Qb) |s + Qb| p 1 — Ql] — p(p +1 ) £ QbQb 
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to compute: 

A = j- J yip B [|e + Qb\ p+1 - Qb +1 ~ (p + 1 )sQb]' -P f V^BzQ'bQV 1 
= J (^b - 2/V’b) [k + Qb\ p+1 - Q p b +1 -ip+ 1 )eQ p b ] 

-p J tpBeQl^iyQb)- 

Collecting all the above computation, we have: 

/ A(e + Qb)ipB [(^ + Qb)k + Qb\ p 1 — Q p ] 

= J - yip's') [I Qb + s\ p+1 - Q p b +1 ~(p+ i )eQl\ 

+ p J il> B eQ p b ~ 1 {A.Qb), 


which is just (15.221) . 

Now we can use (15.201) (15.221) to estimate /i, 2 - Since 


A® 

A 


—b c < 0, 


we can drop the negative term to obtain: 



A e(-ip B £) v < 0 


and 


2y J KeC,B<C^bl J e 2 ( B + b c J w' B s 2 + b c J yy' B e 2 


< C ( b c B / £ Lp B + be 

J y<K,B 


' K,B<y<2B 2 


< C[bZ / e^' B + \\s\\i^ y>KB) 

J y<K,B 


< 


Mo 

1000 


( e v + £ ' 2 ) 1 p'b + Cbg. 


For the nonlinear term we divide the integral into 3 parts: 

(e + Q b )\e + Qbk -1 - Q p ] = m< + + m > , 


where m < , m~ and m > correspond to the integration on y < —nB, \y\ < kB and 
y > kB respectively. For y > kB , we have: 

\m > \ < f (|e| p+1 + £ 2 e~^) < b £. 

J y>K,B 

Next for \y\ < kB, we can estimate: 

\m~\ ^ / kl p+1 + e 2 ;$ B [\e 2 y + e 2 )y' B . 

J\y\KhiB J 
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Finally, for y < —kB , we have \Q b \ + |AQb| < b c on this region. Together with 
1 

||e||i=o <bc, we obtain: 


to 


<1 < 


(\\£\\ P L t} + bP 1 ||e||ioo +6 c ||£||l=o) / (|<M + \yip' B \) 

v ' J v <-kB 


< Bb A c < be . 


Therefore, we obtain: 

A ei/jb [(e + Qb)\e + Qb| p_1 - Q 


A« 

A 


< 


Mo 

1000 


( e « + e ] ( Pb + , 


hence 


h< 


_Mo_ 

100 


(4 + £ 2 )<Mb + ■ 


(5.23) 


Step 4 Control of / 3 . First from (3.8) 

|(Qb)s| = \b s P b \ <bl\Pb\- 

Recalling that P b decays exponentially on the right, we have: 

l/ 3 |<&!( [ Me\ p +e 2 ) + e-^\\e\\ 2 La 

\ Jy<K,B 

_2 , 2 \ / 


- Y^j I ( £ v + £ *)v'b + Cb c ■ 


(5.24) 


Collecting (15.151) (15.241) . we conclude the proof of (15.71) and (15.81) . 

Step 5 Coercivity of T. As before we divide the integral into 2 parts, J 7 * 7 and J r> , 

which correspond to the integration on y < kB and y > kB respectively. 

_1_ 

For the upper bound of J 7 , recall that B = b c 20 , we have for y > kB, 


\P>\ < 


/ (4 + 

J y>K,B 


£ \p+ l _|_ £ 2 e -Tr 


)+/ 

«/ k1 


< 6 « + B 2 || £ || 1 ^> kB) <^ + 6 , 


nB<y< 2 B 2 

_i+4 
1 n 


< 6 f. 

And for y < kR, we have: 


l-T^I < / (4+e 2 + |er +1 )V's 

J y<K,B 

< B f (£y + £ 2 )<p'b < A/". 

J v<k,B 


Then the upper bound follows. 

For the lower bound, we rewrite J-: 


P = J (4Vfo +£ 2 Cb -pV'sQp 1 £ 2 )-p J MQb x -2p 


p +1 




\Q b + e\ p+1 -Q p b +1 -(p+l)eQ p b - 


P(P+l)^p-l„2 

O ^6 
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First, we have: 


J mqi - 1 - orv ;$ I 


£ 2 tp' B +e 20 ||e||i,oo < bcAf + bc. 


' y<K,B 

For the nonlinear term, we use similar technique as before to estimate: 


I Qb + e\ p+1 - Q p b +1 ~(p +1 )cQl - 


p ( p+ 1 ) nP~i ^2 


-Qi 


< 


[ (I e\ p+1 +Ql 2 \s\ 3 )ipB + [ 

Jv<kB J v 


:|P+l + e -%|| e || 


J y<KB 

< blAT + bl. 


y>hzB 


Finally, we claim there exists a constant 0 < n < 1 independent of b (recall k 
appears in the definition of the weight function tp) such that the following holds for 
some universal constant v\ > 0 : 


J (eyipB + £ 2 Cb - pipB Qp 1 e 2 ) > v\Af - -^-bi , (5.25) 

Then the lower bound follows immediately. We leave the proof of (15.251) in Appendix 
A. 

This concludes the proof of Proposition 15.21 □ 


6. Existence and stability of the self-similar dynamics 


6.1. Closing the bootstrap. In this section, we will compete the proof of Propo¬ 
sition 12.81 


Step 1. Dynamical trapping on b. 

We first prove the dynamical trapping of b, i.e. (12.341) . Suppose for some so £ 

~ .3 _|_ 2 is 

[0, s*), we have b(s 0 ) >b£ .By the choice of the initial data, i.e. (2.28), we can 
find some Si £ [ 0 , so) such that 6 (si) = be 2 and b(s) > bi 2 for all s £ [si, so), 
then b s (si) > 0. From (12.35[) and (13.81) . we have: 


b s (s i) < -c p b(si)b c + bc +3l/ < - c p b 2+ 2 + b c 2+3 " < 0 , ( 6 . 1 ) 

if b c is small enough (or equivalently p*{v) is close enough to 5) such that b" -C 1. 
We get a contradiction. The opposite bound is similar. 


Step 2. Pointwise bound of the localised Sobolev norm of e. 

The bootstrap bound (12.411) is a consequence of the monotonicity formula which 
we proved in the last section. We argue again by contradiction and assume that 
there exists s 2 £ (0,s*) s.t. J\f(s 2 ) > 6 8+8l/ . By continuity and the choice of initial 
data, i.e. (2.29), we can find s 3 £ (0, s 2 ) such that for all s £ [s 3 , s 2 ], Af(s) > 5 8+10l/ , 
and Af(s 3 ) = 6 8+1 ° 1 '. Then we have for all s £ [s 3 , s 2 ]: 

j (4(,) + e*(s)) v ' b > = 6 y *+‘«-» s |, 

provided that v is chosen small enough (say v = —i^). From (15.51) . we know 
dP/ds < 0 on [s 3 ,s 2 ], which yields ,F(s 3 ) > P(s 2 ). Thus (15.61) leads to: 

b 3+8u _ b l < _ hi < JF( S2 ) < JT( S3 ) < Af(s 3 ) + bl = hl +10v + be ■ 
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This is a contradiction since 6 " < 1. Therefore we conclude the proof of (12.411) . 


Step 3. L Po control of e. 

For the L Po norm of e, it is more convenient to work with the original variables. 
Consider the decomposition (see (12.261) 1: 

1 ( x — x(t ) \ 

u{t,x) = Q s {t, x) + u(t, x) = -— (Qb(t) +e(i))( • 

A (t)^r V Kc ) 

By rescaling, it is sufficient to prove for all t £ [0,T*): 

13 

h 28 

IlfiWIUpo < -(6-2) 

A (t ) p ' 1 

To prove this, we write down the equation of u and use a refined Strichartz estimate 
for the Airy equations. Indeed, the equation of u is: 


St'u u xxx — £ 


with 


£ = 

f{u) 


A (t) 3+ — 


- 


b s Pb 


= (Qs + u)\Q s + u\ p - 1 


(^ + b^AQ b 

Qs\Qs\ p ~\ 



X-x{t) 

v ’ m 


where is defined in (3.3). 

Now we state the result of D. Foschi in (5] about the inhomogeneous Strichartz 
estimates: 


Proposition 6.1 (D. Foschi, Theorem 1.4 of J5]). Consider a family of linear 
operators U(t): H -A L 2 X , t £ R, where H is a Hilbert space. Suppose the following 
properties of U(t) hold: 

(1) For all t £ K, h £ H: 

\\U(t)h\\ Ll < \\h\\ H . 

(2) There exists a constant a > 0, such that for all f £ L\ D L\ and t, s £ R, 
there holds: 

mwwfh? S j^pll/ILi- 

We say a pair ( q,r ) £ [2, +oo] 2 is a-acceptable if and only if they satisfy: 

° r = ( +0 °’ 2 )- 

Consider 0 < a < 1 and 2 a-acceptable pairs: ( qi , rf), i = 1,2, such that the scaling 
rule is satisfied: 

1 a 1 a 

- 1 - 1 - 1 -— a. 

qi n q 2 r 2 

Then we have the following inhomogeneous Strichartz estimates: 


U(t)U(s)*F(s)ds 


' S<t 


< 


imi 


L q t 2 L\ 




(6.3) 
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Here, we can use Proposition 6.1 to derive a refined Strichartz estimate for the 
Airy equations with zero initial data. Let U(t) = l[o,+oo)(£) e_t9x ! then by the 
theory of oscillatory integral, we hav® : 

\\U(t)h\\ L 2 <\\h\\ L2 , ||E/(*)/i||l~ < forVf^O. 

Ip 3 

Therefore, the following refined Strichartz estimates hold for Airy equations with 
zero initial data: 


Corollary 6.2 (Refined Strichartz estimates). For all acceptable pairs (<?i,ri) 
and (ife, T 2 ), if they satisfy: 

11111 
-^ q - 1 -^ q — — q > 

qi 3ri q 2 3r 2 3 


then there holds: 


f e- {t - s)d *(h(s,-))ds 
Jo 


< 


l; 2 l x 


(6.4) 


Now we fix Vi £ [0, T*), and choose 

, ^ t , ^ 1 1 JC 1 P0-2 5 

{qi,n) = (+00,p 0 ), — =-<3, — = —-h 

r-2 Po 92 3 po 3 

with S > 0 to be chosen later. It is easy to check () satisfy the conditions in 
Corollary 6.2. Then we have the following estimate on [0, t]: 


s II^WIIA.,^ + m,< ,4 + ll(/») 


[o,t] A 


T 2 T ■ 
L [o ,t] Lx 


T q 2 r r 


= / + // + III. 


We let cr 0 = T — -i-(= ^Lj), then by Sobolev embedding: 
I <\\e- ta *(u{0)) 




1 6 10 


(6.5) 


( 6 . 6 ) 


A(0 ) p ~ 1 p o A (t ) p_1 p ° 

For //, from (12.1811 . (12.3411 . (12.3511 . (13.611 . (13.711 and (13.811 . there holds for all r £ [0,t]: 


1 


II^MILr-' = - 2 2 1 

L ■ A (r) 2+ ^ + ^ 


-4> b + 6 s P b - ( ^+h)AQ 6 - ( ^-l)Q' b 


< 


1 


< 


o 1 2 1 1 

A(r) ~ +7 7 

l+A- s 

b c P0 


A 


m L r' 2 +b!\\P b \\ L r ' 2 +U^+b! 


A 


L 2 


~ A(t) 2+ ~ + 7 7 
From (14.191) we obtain: 


II < 


1-1 -i— 6 

be P0 

A( t ) 2 + f t+ ^ 


92 


dr 


1 PO + l 26 

9 2 Z. q 3 

< _£e_ 


_7_25 

6c 15 3 


A(t) 


P— 1 PO 


A(f) p - 


(6.7) 


14 See Page 13-15 in [TO) . 
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Finally we deal with III. For all r £ [0, t\, there holds: 

l|(/(«))*lli-i 1 


'i 2 +^T + '^ 


< 


A (r)~ 1 p- 1 1 r 2 

_I _i_ ("ll e yQ 

-1 ' ro ' 


((Q b +e)\Q b + e\ p ~ 1 -Q P b ) l 


L r 2 


A (tY 


(Qb)y | Qb 


r%* 

P~ 2 


+ £ 


P ~ 1 I 


\L r 2 


( 6 . 8 ) 


\L 2 


I \(Qb)y 


■ip- 1 ! 


\L 2 


We estimate these terms separately. First from (12.361) . (12.371) and (12.381) we have: 
\\e(Q b )y\e\ p ~-\\ L r' 2 < < «>?, 


Ikvkr 1 !!,^ < < &l. 


where 


1 1 1 


Next, by using the bootstrap bound (12.351) . (12.371) and the decay property of Qb, 
we have: 


WzyQlX^ 


-y\ 


< 




‘Q 






•i(p-l) 


fy<. — K,B J\y\<K,B 

<n=. II -„ii n. up — 3 ii rt. ii2 


/ y>K,B 
ip-i 


ll^ylli 2 IIQi|lx,r(p-3j IIQb|lL“(|y|>KB) "b ||£i/||l 2 (|j/|<kB) ||Q&||^r(p-i) 

3 

<61. 

The same estimate holds for ||e(Qb)y|Qb| p_ 2 || i r^■ 

Injecting all the above estimates into (16.81) yields: 


||(/(w)) 

By a similar argument we have: 

ms. 


, < 
L r 2 ~ 


A(t) 


2 | ^ | 1 
+ p -1 ^ ro 


AW 


P-1 PO 


(6.9) 


Injecting (16.61) . (16.71) and (16.91) into (ESI), we obtain (16.21) . provided that S is small 
enough (since | > A|). 

This concludes the proof of Proposition 12.81 (Recall we have proved (12.431) in 
Lemma 4.1). 


6.2. Proof of Theorem 11.11 We are now in position to prove Theorem ll.il 
Pick a v > 0 small enough and a p £ (5 ,p*(v)). For all u 0 £ O p , we choose 
b*(p) = b c and denote u(t) the corresponding solution to the Cauchy problem (11.11) 
with maximal lifetime T. Proposition 12.81 implies that u(t) satisfies the geometrical 
decomposition introduced in Section 2 on [0,T): 

U{t ’ X) = X (t )^r (g&(t) + ( A (t) ) ) ’ 
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and the bounds in Proposition 12.81 hold on [0,T). From (14.11) . we have (11.71) and 

CH). 

Step 1. Finite time blow-up and self-similar rate. 

From (13.61) we have: 

Vfe[0,T), (1 - v 2 )b c < -A t A 2 < (1 + v 2 )b c . (6.10) 

Integrating it from 0 to t yields: 

1 

Vt G [0, T), (1 — v 2 )b c t < -A 3 (0) and hence T < ——-< +oo. 

3 3o c (l — v) 

So the solution blows up in finite time. From H 1 Cauchy theory we have: 

|l M a;(t) ||l 2 — ► + 0 O as t —> T, 

which implies A(f) —> 0 as t —> T. We thus integrate (16.101) from t to T to obtain: 

VtG [0,T], (1 — v 2 )b c (T — t) < ^ < (1 +^)b c (T-t), 

which implies ( 11 . 101 ) . 


Step 2 . Convergence of the blow-up point. 
From (13.71) we have: 


\xt\ = 


< 


1 + v l 


Thus from (11.101) . we get: 


1 + v 2 


/ T w</Y 

Jo Jo ((i -!/2 ) bc (T-t))-- 

and then EH follows. 


, , A(0) 

< (1 + v)—-J- < +oo, 
Or. 


Step 3. Strong convergence in L q . 

Fix a q € [2, 1 _ 2 2a ), and let 0 < r -C T and 0 < t < T — r, let u T (t) = u(t + r) 
and v T (t') = u T (t') — u(t') for all t' £ [t,T — t). Then v T satisfies: 

dfV T + d xxx v T = (u|u | p_1 - U T \u T \ P ~ 1 ) x . 


Let tTi = ^ —A, and chose q and r, such that (+ 00 , q) and (q, r) satisfy the conditions 


1 _ 1 

in Corollary 16.21 Then we have: 

1 




A 


< 


1 


((Qb + e)\Qb + £| p 1 ) J/ 

((IKWU 2 + IkylU 2 ) (lIQblli-o 1 + IkllYo 1 )) 


< 


\ 2 +7 + 7+ <t 1 _ ' t c ’ 


1 _ 1 P-1 

r 1 2 ro 


where 
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Since o\ < o c and A (t) ~ y/3b c (T — t), we conclude: 


(u\u\ p ^-u T |u T | p 1 ) a 


T 1 T r 

L [t ,T-t) L x 


< 


m 


./\2+- + 7 +tTi-CTo 


dt! 




0, as t — > T, uniformly in r. 


Remurk 6.3. Here we can see the case q = q c (i.e. ay = ay) will lead to a logarithm 
on the upper bound of the critical norm, therefore the strong convergence can’t 
exist in the critical space. 


Next from the refined Strichartz estimate (16.411 and Sobolev embedding we have: 


Ik 


T||L 


< 


[* ,T—r) ± 


IKWII 


H a i 


+ 




( 6 . 11 ) 


We claim (16.111) implies that u(t) is a Cauchy sequence in L q as t —> T. Indeed, for 
all e > 0, we can choose a t e close enough to T, such that: 


m 


2 + — + -= — cr c 



where Cn is the inmlicit constant in (16.111). From H 1 Cauchv theorv i.e. u{t) e 
C([0, T), H 1 ), there exists a r 0 = T 0 (t e ) £ (0,T — t e ), such that for all 0 < r < r 0 , 


lkr(te)|| 


V" 1 ~ 2C n 


Choose a, t 0 < T such that T — t 0 < r 0 . Then for all ti,t 2 £ (to,T), ti < t 2 , let 
r = t 2 — t\. From the above discussion, we have: 


\\u(t 2 ) - u(ti)\\ L i = Ikr(il)lk« < |kr||L- iT _ T) LS < C 
which means u(t) is a Cauchy sequence in L q as t —> T. Hence, we have proven 

(Uni- 


Step 4. Singular behavior of the asymptotic profile. 

Finally, we give the proof of (11.121) . Let 

A = b~^, R(t) = AX(t) for all r € [t,T), (6.12) 


where t is a fixed time close enough to T. Then we choose a smooth cut-off function 

X, with x(y) = 0 if |y| > 2, x(y) = 1 if \y\ < 1- Denote 


g(x) = X 


x — x(T) \ 

m )' 
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Then by Kato’s localized identity for mass, we can estimate: 


J u 2 {r)g = -3 J u 2 x {r)g x + J u 2 {r)g xxx + J \u(r)\ p+1 g a 


< 


< 


m 

i 


| u x (t )\ 2 + \u(t )\ p+1 


m 3 


i 


< 


< 


R(t) A(t) 2_2ct <= 
1 1 

R(t) A(t) 2_2ctc 
1 1 

R(t) A(t) 2_2<Tc 


{/ |( e + Qb)y| +|£ + Qb| P+1 ^ + 


1 


1 


R(t) 2 A(r) 1 - 2 ^ 
1 1 
i?(t ) 2 A(r) 1 - 2 ^ 


i?(t) 
1 

(||Qb|||oo + ||e||i~) 


x-x(T)\ 2 

« (t) 


l«(r)||i. 


Since u(r) converges to zi* in L 2 as r —>■ T, we can integrate the above inequality 
from t to T (with respect to r) and use the fact that (which follows from (4.4)): 


for j3 < 3, 



< 



*t(r) 
b c \( t)P ~ 2 


dr = 


2A(f ) 3_/3 

b c {3 - 0 ) 


to obtain: 


1 


< 


A(t) 2<7 ° 

1 


xi^®)l»T-/x(^S2)« 2 W 


i?(t) 
T dr 


1 


R(t) 

[ T dr 


J A\(t) 
1 


l+2cr c 


A(t ) 2 


A 2 X(t) 2+2a <= J t X (r) 1 " 


<7—7 = be 0 . 

b r A 


On the other hand we have from the geometrical decomposition (12.261) : 


m 


2a c 


X 


= / X 


j[y + 


x — x(T) 

m 

x(t) — x(T) 

m 


u(t) I 2 


\Qb +e\ 2 dy. 


From the properties of x{t) and A(f), we know that: 

x(t) — x(T) 1 


A (t) b c 

Together with Lemma 12.41 and (12.381) we have: 


<C A. 


X 


X 


}_( x{t) — x(T) 

m . 

x(t) — x(T) 

X (<) 


A^ V 


e 2 < x4||e|||oo < Ab?* < bl 


\Q b \ 2 = (i + «5o(p)) J \Q P \ 2 ■ 


(6.13) 


(6.14) 














































40 


YANG LAN 


with So(p) -A 0 as p —> 5. Injecting these 2 estimates and (16.1411 into (16.1411 . yields: 

m k / Kt ) 1 "'' 2 -/ ifi-i Hi+m+om 

= {1 + 6( P )) I \Q P \ 2 ■ 

with limp-^ 8{p) = 0. Let t —» T, i.e. R{t) —>• 0, then (11.121) follows. 

Finally, it is immediately seen from (11.121) that: 

it* (£ L 

which concludes the proof of Theorem 11.11 


Appendix A. Proof of (|5.25l) . 

The coercivity result of T i.e. (15.251) . follows from the following lemmaFI 


Lemma A.l (Coercivity of L ). There exists a constant > 0 such that for all 
f £ H 1 , there holds: 


( LfJ) > ko| 


I h 


K 0 L 


(/> Qp) 2 + (f,RQ P ) 2 + (/, yh-Qp)“ 


(A.l) 


Now we can prove (15.251) by using Lemma A.l, orthogonality condition (12.271) 
and a localization argument: 

Choose a smooth function rjo such that rjo{y) = 1, if y < n, ijo(y) = e~ y if y > 1 
and r]' 0 (y) < 0 for all y. Let 

= fpB(y)vo{-^)- 

Then we apply (IA.1I) for / = £y/W~B. We compute every term in (1A.1I) separately: 
First, from (15.51) and the definition of ip and ip we have for all y < kB, 


ipB{y) < (1 + 3 K)ip B {y)- 


By the same strategy as in Section 5, we obtain: 


(L/,/) = J el* B +e 2 y B -p* B Q y - 1 e 2 + J ~ \ J £ 2 (*b). 

< f (e 2 y +e 2 -pOF-'e^ipB+Oi -^) f {e 2 y +£ 2 )ip B 

J y<K,B Jy< — K,B 

+ C [ (e 2 y +e 2 e-i) 

J y>K,B 

< j (e 2 y ip B +£ 2 p B -pip B Q p p ~ 1 £ 2 )+Cn j £ 2 <p B 

Jy<K,B Jy<K,B 


y<hzB 

l B ) I (f 2 ' 1 


+ O(-) j (e y + £ 2 )(p B + Cb, 


' y< — K,B 


< / (eJV’B + £ 2 Tb ~ pipBQp 1 £ 2 ) + C6 c 2 + C(nB + 1) / ( £ 2 y +£ 2 )p ' B , 


/ y<K,B 


■^See for example, Lemma 2.1 in E). 
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with some constant C > 0 independent of n and B. 

Next, a direct computation shows: 

Ko||/||ffi > ko / + £ 2 ^b) -C f e 2 

J v <kB j b 

> 71 / ( e y + £2 )4’b — Cbc ■ 

^ Jy<nB 

Then, from the orthogonality condition (|2.27p we have: 

l(/,Q P )l< / Ne- M <e-^N|^ <&“. 

J\y\>nB 

The same estimates hold for (/, AQ p ) and (f,yAQ p ). Injecting all the above esti¬ 
mates into (IA.1I) . we have: 

b[ ( sl+s Vb 

J y<K,B 

< C f {eli/j B + £ 2 ^Pb - pi>BQp~ 1 £ 2 )+ C{kB + 1) f (s 2 +s 2 )(p' B + Cbp 
J Jy<K,B 

<C [(slips +£ 2 <Pb -PiI)bQ%T 1 £ 2 ) + T7 [ (s 2 y + e 2 )tp' B + Cbp, 

J Z Jy<nB 

(A.2) 

provided that k is small enough (We can take k such that it is independent of b). 

Then (1A.2I) implies (15.25(1 immediately. 
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